In this paper we show that there exists a solution of the cubic nonlinear Klein-Gordon equation for a small parameter. We construct a traveling wave equation and we show that the corresponding system does not have periodic orbits for some real constants.
Introduction
It was made some applications to the nonlinear Klein-Gordon equation [1] . It was found an antibound state for the Klein-Gordon equation [2] . In [3] was used a method with Green functions for constructing asymptotics of eigenvalues for the linear Klein-Gordon equation. In [4] was studied the Klein-Gordon equation. In [5] was given an explicit formula for the eigenvalue below the essential spectrum of discrete Klein-Gordon operator. We show there exists a solution for a small parameter and construct a traveling wave equation and a system without periodic orbits.
Preliminary Notes
The Klein-Gordon equation
where α, β, γ are real constants.
Main Results
These are the main results of the paper.
Theorem 3.1. The solution of (1) is (5) for a small parameter γ.
Proof. Taking Fourier transform we havê
with solution
where f =û 2 * û. Rewriting this equation we havê
where
Then by Neumann serieŝ
Traveling wave solution
If the Klein-Gordon equation has a traveling wave solution of the form
where k, l, λ are real constants. Substituting (6) into (1) we obtain
5 Dynamical system
Taking u ξ = y and u = x we have the following system
has this solution H = −
− ν = K for some constant K. For the next results we are going to use the Poincaré-Bendixson theorem and the following quasi-differential equation
Theorem 5.1. The dynamical system (8) can be generalized to (11) and both do not have periodic orbits for y + σ > 0 and x ∈ R.
Proof. Taking K = 0 and x ξ = y, and supposing that ∂h ∂x 2 = 0, C(x 1 , x 2 ) = σ + y > 0. Using (10) we have y
. From equation (10), we get the ordinary differential equation f 1 = σ + y − (
We obtain the generalized dynamical system
Taking ν = 1 into (8) and using the following Poincaré transformation
we obtain
Theorem 5.2. The system (13) can be generalized to (14) and both do not have periodic orbits for x 2 > 0.
Proof. Taking x 1 = u, x 2 = z. Suppose
. From (10), and taking C = σx and we have an ordinary differential equation
Then its solution is
Also, it holds
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